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Abstract

By abstracting the domain and range of Henstock integrable function and measures (the
volume function) used by mathematicians. we had constructed ¥ —Henstock integral in locally
compact metric space of vecfl} valued function. Based on the result of previous researchers,
this paper discuss properties of primitve ¢ —Henstock integrable function in locally compact
metric space of vector valued function.
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1. INTRODUCTION

1.1 Background

In 1989, Lee had contructed Henstock integral of real valued fungtion on a cell [a,b] € R.
Manuharawati (2002) generalized this integral by reduced a cell [a,b] € R to a cell in a
locally compact metric space and Cao (1992) generalized this integral by reduced the range of
function from R to Banach space.

Based on the refllt of these researchers, Manuharawati and Yunianti (2013) had contructed
a Henstock integral of vector valued function (the range of function is a Banach space ) in
locally compact metric space. In this integral, we used a volume function ¢ that defined on the
set of all elementary sets in a locally compact metric space. In this paper, we discuss some
properties of the primitive this integral.

1.2 Fundﬂ'nental Concepts

Let X be a locally compact metric space, R* be an extended real numbers, R* be a positive
real numbers, and E (X) be a collection of elementary sets in X.

A nonvoid collection S < 2 is called a system of intervalsif it satisfies: (Manuharawati,
2002: 11-12):

(i) forevery pe X {p}e S,
(i1) for every pe X if c(N(p,r)) compact then Mp.r) e S,
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() if Ae S then, A konvex, ¢l(A) compact, ¢l(A) € S, and inf(A) € S,
(iv) forevery A Be S, AnBe S.

(v) forevery A B e S there exists a collection of nonoverlapping sets G € S, 1 <i <n such

that
n
A—B= UCE'
i=1

Every an element of S is called an interval. h;terval A e S is said to be degenerate if
int(A) = @ and nondegenerate if int(4) =@. A cdl is a nondegenerate compact interval. A
set Ac Xis called elementary set if Ais a finite union of intervals.

A Volume function 9: E(X) — R is called a measure on E (X) il
(1) 9(A) = 0 if int(A) =@ and 9(A) > 0 if int(4) =0
(i1) 9(A) = 9(B) forevery A Be E(X) with Ac B
(i) 9(UienA;i) = Xien 9(A4;) for every nonoverlapping collection sets {A} — EX) with
Uien 4; € E(X).
In this paper X is a nondiscrete locally compact metric space.

If Eisacelland & E - R*, then a finite collection of cell-point pairs
P= {(Ax,x)1<i<n}={(Anx)}

is called a Perron 3-fine partition on E if x; € A, < N(xi,c?(xi)) and {Ax(.} 1s a partition
on E

If Ec X is a cell and & E —» R*, then there exists a Perron 8-fine partition on E
(Manuharawati, 2002: 18).

A real function ||. || on a vector space Y (over field K) is called a norm on Y if for every
x,y €Yanda € K satisfies:

@ lxll=0,

) flx]l=0 =x=0,
) flaX|l = lel |lx].

@) llx +yl < llxll + lyll.

A vector space Y thegether a norm is called a norm space. A Banach space is a complete
norm space.

A function g: X — Y is said to be Henstock - integrable on a cell E < Xthere exists a
vector a € ¥ such that for every real number &> 0 thre exists a function 5: E — R* such that
for every Perron d-fine partition

P={(Aq,x:)1<i<n}={(4:0)}
on Ewe have
1=y g(x) 9(Ax,) —al| = IPZg(x) 9(A,) —all < ¢
If Ae S with 9(4) = 0, then integral- 8 Henstock of a function g: X — Y on Ais defined by
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null vectorl (Q). The set of all  —Henstock integrable function on a cell E is denoted by
H(E,®) and a vector ais called ¥ —Henstock integral value of a function fon E and denoted
b\

(H-19) f =

(Manuharawati and Yunianti, 2013: 20-21).

Some properties of the ¥ —Henstock integrable function which will be used in
discussion are as follow.

Theorem 1.28: Cauchy’s Criterian (Manuharawati and Yunianti, 2013a: 71-75): A functin
g € H(E,®) if and only if for any real number ¢ > 0 there exists a function 5: E — R* such
that for any Perron 5-fine partition

P = {(Anx)} and Q = {(B,,»)}
on E we have

IPEg(x) 9(A) —QTg») 8(By)| < e.

Theorem 1.2.2: (Manuharawati and Yunianti, 2013: 24) If g € H(E,9), Then for every a cell
FcE.geH(F®9).

Theorem 1.2.3: (Manuharawati, 2013: 22-26) A function g: X — Y is Henstock - integrable
on a cell Ec Xif only if there exists an additive function G: I(E) — Y with property for any real
number ¢> 0 there exisisa function 5: E — R* such that for any Perron &-fine partition

P = {(Ay,%),1<i<n}={(4,x)}

onk,
I5ts 9Ce) 9(45) — GE)| = IPS 9() 9(4,) ~ GBI < e

If E 1s a cell and I(E) is a collection of all subinterval in E, then an additive function
G:I(E) - Y is called ¥ —Henstock primitive of f on E if G(@) = 0 (null vektor) and for every
A€ I(E). A=+ 0. wehave

GA)= (H=9) [y, 9

Theorem 1.2.4: Hengtock’s Lemma (Manuharawati, 2013: 22-26): If g: X - Y 9 — Hendock
integrable on a cell E — X with primitive G, then for any real number £ > (0 there exists a
function §: E — RY shuch that for any Perron 5-fine partition P = {(A,,x)} and anyQ c P
we have
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1@ 2[g(x)9(Ax) — G(A]Il < Ze.

2. RESULT AND DISCUSSION

Let X be a nondicret metric space, ¥ be Banach space, ¢ be a volume function on
E(X), and E be a cell in X. We start define an interval continuous function relative to volume
function 9.

Definition 2.1: A function G:1(E) — Y is said to be v —continuous in an interval A € I(E) if
for every real number € > 0 there exist a real number y, > 0 such that for every B,C € I(E)
withBc AcC ,v(A—B) <y,v(C - A) <y, wehave

IGA—-B)Il < & and [IG(C—-A)| < e

A function G is said to be v —continuous on (I(E) if G is ¥ —continuous in every interval
A€ I(E).

Lemma 2.2: If an additive function G:1(E) — Y isv —continuous on I(E) then for every real
number € > 0 there exist a real number y > 0 such that for every interval A € I(E) with
v(4) <y wehave

IGAI < e.

Proof: Let £ > 0 be given. Since G 1s v —continuous on I(E), then G is v —continuous at {x}
for every x € E. So for every x € E there exist a real number y,, > 0 such that for every open
interval 0, € I(E) withx € 0, and 9(0,) < ¥, we

16O < e
If
L, = {0, € I(E):x € int(E),x € 0,0, is open,and 9(0,) < y,}
L, = {B,€S:x€I(E), x €B,,Byisopen,and 9(B, NE) < y,}.
then

L=L UL,
is a vitali cover of E. Since E is compact set, then we have x;, x5, ..., x; € E such that
{0, €L:1<i<l} U{O, EL:1<i<I{B,€ELx1<i<m}
with [ + m = n is an open cover of E.
Further, put
y =min{y,:1 <i<n}
Since G is an additive function, then for every interval A € I(E) withv(4) <y we have

IGAI <& m
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Definition 2.3: A function G:1(E) —» Y is said to be strongly absolutdly v —continuous on
F c E if for every real number & > 0 there exist a real number y > 0 such that for every
partition{A;, A5, A3, .., A} INE withd(A;) N F #= @ and ¥}, 9(4;) < y we have

i=llGADI < e.

Theorem 2.4 Let a function g: X — Y be given. If g € H(E,9) with-9 —Henstock primitve of
g onE is G and g is bounded, thenG istrongly absolutly v —continuous onE.

Proof: FFrom boundednes of g on E, there exist a real number M > 0 such that for every x € E
implies
lg@ll <M.

Given any real number £ > 0. Based on density property on R, there exists a real number
1 > 0 such that n < ﬁ Take a collection {4; ,i = 1,2, ...,n}. A; € E. with

Yimiv(4) <.
Since g € H(E,?). then by Henstock’s Lemma and Theorem 1.2.3, there exist a function
&8:E — RY such that for every & —fine partition P;{(Ay,x)} on A; we have

|7 Y 16, — g < 5o
Since G is a v —Henstock primitive of g on E, then by Theorem 1.2.2 for every i we have
IGCADN = 1IP; ZGA
< 1P 2 G(Ax) — g(u(A)ll + 1P 2 g (xv(Ax)ll
< ——+ Mu(4).

2041

So we have
TGN < iy [5 + Mu(ay)]
< Z?=12f“ + MY v(4)
S+ M_=g
This mean that G is strongly absolutly @ —continuous on E. m

Theorem 2.5: Lef afuncliong: X — Ybegiven. If g € H(E,¥) withd® —Henslock primitve of g

onE isG, thenGis9 —continuouson I (E).

Proof: Let € be areal positive number. If 4 is a cell in I(E), then there exists open set 04 in X

such that A € 04 and 9(04 — A) < €. If L be a collection of all 0, with A € 0,4 for all A €

I(E). then L is an open cover of E. Since E is a compact set, then there exists
M={0uyi=12,.n} €L

n

i=1
If F € [(E), then by Lemma 2.2 and additivity of G, there exists areal number yr > 0 such that
if 9(F) < yr we have

such that
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el < £
Let
¥ = min{y,: 04 € M’}

and B,C,D € I(E) be cells with

BcCcD 9(C—-B)<yand 9(D—-C)<y.
Then there exist two finite collection of nonoverlapping cells

{Cri=1,2, ..,1} cl(E)and {D;:i = 1,2, ..,s} CI(E)

such that

cl(C—B) = U}, ¢ and cl(D - C) = Ui, D;.
Since 9(C —B) <y and 9(D —C) <y, then foreny i, 9(C;) <y and 9(D;) <y. Note that,
G is an additive function on I(E). So. we have

I6(C=B)ll = Bi=illGCHIl <1 and IGD = C)ll = By IGD)I < 5.

So, G is 9 —continuouson [(E). m

Theorem 2.6: Lef a functiong: X — Ybegiven. If g € H(E,9) with 9 —Hengtock primitve of g
on E is G, then D,G(x) exids allmost everywhere on E and D,G(x) = g(x) allmost
everywhere onE.

Proof: Given a real number £ > 0. Since g € H(E,¥) with ¥ —Henstock primitive is G, then
by Henstock’s Lemma, there exist a function §: E - R* such that for every Perron § —fine
partition P = {(A, ,x)} on E and every subpartition Py of P we have

Po ZIG(Ax) — g(x)v(A)ll < &

Z = {x € E: D,G(x) existor D,G(x) existbut D,G(x) # g(x)},
then for every x € Z there exists a real number n(x) > 0 with property: for every real number
y > 0 there exists B, € E(x,y,1(x)) shuch that

1G(Bx) — g(x)v(All > n(x)v(By).

If

Forevery k € N, put
- : 1
Z, = {x € Z:n(x) > k}.
So wehave
Z = Uken Zk-
If
V={B:x€Z, B, €E(x,y.n().y <)}
then V isis vitali cover for Y. So, there exists a nonoverlapping collection of cell
{Bysi=12,..,p}cV
such that
v <3P u(By,) + €
<k 2?:1”6(8&) - g(x)U(Bx(-)
<ke+ e
This mean that v*(Z;) = 0 and then v(Z,) = 0 or D,G(x) exists allmost everywhere on E. m

| + &

If A € S then we define shape of A as follow
T‘(A) - sup{d(N(x,1)):xEA;N(x,1)=A)}
inf{d(N(x,0)):xEASN(x 1)}
Further, if E € S,x € E,§ > 0,p > 0 be given, a collection of all cell A with property x € A ©
N(x,8) N E and r(A) > p. denoted by E(x,8, p).

M-74




Proceeding of International Conference On Research, Implementation And Education
Of Mathematics And Sciences 2014, Yogyakarta Sate University, 18-20 May 2014

Theorem 2.7: Given afunctiong: X - Y. If g € H(E,9) with® —Henstock primitveof g onE
is G, then for every real number € > 0 there exist a real number y > 0 such that for every
interval A € I1(E) withu(A) <y we have

IGAI < e

Proof: Since G i1s a9 —Henstock primitve of g on E, then G is an additive function on I (E). By
Lemma 2.2 and Theorem 2.5, then for every real number £ > 0 there exist a real number y > 0
such that for every interval A € I(E) withv(4) <y we have

IGAI <e =

3. CONCLUSION

If X is a locally compact metric space. ¥ is a Banach space, and G is a ¥ —Henstock primitive of

a function g: X — Y ona cell E, then we have:

3.1 G is 9-continuous on I(E),

3.2 G 1s strongly absolutely 9-continuous on [ (E) 1f g 1s a bounded on E,

3.3 D,G(x) exists allmost everywhere on E and D,G(x) = g(x) allmost everywhere on E,

34 for every real number £ > 0 there exist a real number y > 0 such that for every interval
A € I(E) withv(4) <y we have [|G(A)|| < e.

REFERENCES
Cao.S.S., 1992. The Henstock Integral for Banach Valued Function. SEA Bull.
Math..16,1: 35 — 40.

Lee, P. Y., 1989, Lanzhou Lectures on Hensock Integration. World Scientific Publishing
Co.Pte.Lid. Singapore.

Manuharawati. 2002, Integral Henstock di dalam Ruang Metrik Kompak Lokal.
Disertasi S3. PPs-UGM. Yogyakarta,

Manuharawati, 2013. Lemma Henstock Untuk Suatu Fungsi Bernilai Vektor di dalam
Ruang Metrik Kompak Lokal. Jurnal Sains & Matematika. Vol. 2, No: 1. FMIPA
Unesa Surabaya.

Manuharawati dan Yunianti, D. N. 2013a. Kriteria Cauchy dari suatu Fungsi Bernilai
Vektor Pada Suatu Sel Di Dalam Ruang meirik Kompak lokal. Prosiding
Seminar Nasional Matematika dan Aplikasinya, 2013. Unair Surabaya.

Manuharawati dan Yunianti, D. N. 2013. Integral ¥ —Henstock di dalam Ruang Metrik
Kompak Lokal Dari Fungsi Bernilai Vektor. Laporan Penelitian. LPPM Unesa.
Surabaya.

M-75




Turnitin_SOME PROPERTIES OF PRIMITIVE

B HENSTOCK OF INTEGRABLE FUNCTION IN LOCALLY

COMPACT METRIC SPACE OF VECTOR VALUED FUNCTION

ORIGINALI

TY REPORT

£

SIMILAR

4% 3% %

ITY INDEX INTERNET SOURCES  PUBLICATIONS STUDENT PAPERS

PRIMARY SOURCES

.

f.library.uny.ac.id

Internet Source

4,

o

B BONGIORNO. "The Henstock@Kurzweil
Integral”, Handbook of Measure Theory, 2002

Publication

1o

e

Nicolas Bourbaki. "Elements of Mathematics",
Springer Nature, 2004

Publication

1o

[

losif Petrakis. "Chapter 21 The Urysohn
Extension Theorem for Bishop Spaces”,
Springer Science and Business Media LLC,
2016

Publication

<1%

Irving E. Segal, Ray A. Kunze. "Integrals and
Operators”, Springer Nature, 1978

Publication

<1%

Veronique Fischer, Michael Ruzhansky.
"Quantization on Nilpotent Lie Groups", Springer

<1%



Nature, 2016

Publication

Bonotto, E.M.. "Limit sets and the Poincare-
Bendixson Theorem in impulsive semidynamical
systems", Journal of Differential Equations,

<1%

20080501
Publication
Exclude quotes Off Exclude matches < 3 words

Exclude bibliography On



	Turnitin_SOME PROPERTIES OF PRIMITIVE ࣖെHENSTOCK OF INTEGRABLE FUNCTION IN LOCALLY COMPACT METRIC SPACE OF VECTOR VALUED FUNCTION
	by Manuharawati Manuharawati

	Turnitin_SOME PROPERTIES OF PRIMITIVE ࣖെHENSTOCK OF INTEGRABLE FUNCTION IN LOCALLY COMPACT METRIC SPACE OF VECTOR VALUED FUNCTION
	ORIGINALITY REPORT
	PRIMARY SOURCES


